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Abstract

The direct coordinate transformation method, which only transforms independent variables and retains Cartesian
dependent variables, may not be an appropriate method for the purpose of simplifying the curvilinear parabolic
approximation of the vector form of the wave—current equation given by Kirby [Higher-order approximations in the
parabolic equation method for water waves, J. Geophys. Res. 91 (1986) 933-952]. In this paper, the covariant-contra-
variant tensor method is used for the curvilinear parabolic approximation. We use the covariant components of the
wave number vector and contravariant components of the current velocity vector so that the derivation of the curvi-
linear equation closely follows the higher-order approximation in rectangular Cartesian coordinates in Kirby [High-
er-order approximations in the parabolic equation method for water waves, J. Geophys. Res. 91 (1986) 933-952].
The resulting curvilinear equation can be easily implemented using the existing model structure and numerical schemes
adopted in the Cartesian parabolic wave model [J.T. Kirby, R.A. Dalrymple, F. Shi, Combined Refraction/Diffraction
Model REF/DIF 1, Version 2.6. Documentation and User’s Manual, Research Report, Center for Applied Coastal
Research, Department of Civil and Environmental Engineering, University of Delaware, Newark, 2004]. Several exam-
ples of wave simulations in curvilinear coordinate systems, including a case with wave—current interaction, are shown
with comparisons to theoretical solutions or measurement data.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The parabolic equation method for water wave propagation has been known as effective means for pre-
dicting surface water waves over areas of variable bathymetry, including both the effects of refraction and
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Nomenclature
(2) velocity potential ky, k, Cartesian components of wave number
t time vector
X,y rectangular coordinate system w wave absolute frequency
& n curvilinear coordinate system 0 wave angle
r position vector h water depth
U current velocity vector g, g covariant and contravariant base vec-
U, V' contravariant components of velocity tor, respectively

vector ', v;  contravariant and covariant compo-
u, v Cartesian components of velocity vector nents of an arbitrary vector v
C wave celerity g7, g; contravariant and covariant metric,
C, wave group velocity respectively
o wave intrinsic frequency J Jacobian value of coordinate
k, k wave number and wave number vector, transformation

respectively V4 CC,
k; covariant component of wave number A wave amplitude complex

vector g gravitation
K approximated value for covariant 4 wave surface displacement

component k

diffraction and has been widely used especially for engineering purpose. Recent developments of the par-
abolic model include consideration of wave—current interaction effects, various forms of non-linearity, dis-
sipation, and wave breaking. Some common limitations for model applications have been known as that
the propagation direction of all major components of the wave field must be confined to some narrow band
of directions centered on a prechosen principal propagation direction. A primary progress to relax the lim-
itations has been made using higher-order approximations ([8]), which shows an obvious extension of valid-
ity range of the model equations. An alternative approach to relaxing the model restriction is to use
curvilinear parabolic approximation in which curvilinear coordinate lines are chosen approximately along
the predominant wave propagation directions. Several efforts to develop curvilinear parabolic models have
been made by many authors. The early developments of the curvilinear models concentrated on solving
irregular lateral boundary problems, particularly for idealized situations involving simple boundary config-
urations [11,15]. Tsay et al. [18] reported boundary-fitted curvilinear model in which lowest-order approx-
imations have been made for several geometries. Kirby et al. [12] presented a curvilinear parabolic model
that includes both the low-order approximation and the higher-order approximation and focused on
conformal mapping though generalized curvilinear equations were given in their paper. In all the existing
curvilinear parabolic models, wave—current interaction is not taken into account. Those curvilinear para-
bolic equations were derived from the elliptic equations of either the velocity potential or the free surface
displacement, which are essentially equations of scalar variables. Therefore, the direct coordinate transfor-
mation which based on the differential relation between two coordinates can be simply applied. Although
the equation of wave number vector, k, may be used, for example, in the case of Tsay et al. [18], Cartesian
components, (k, k,) were usually kept in the equation, which made the final equation complex. For the
more general vector equation which includes wave—current interaction terms such as the wave—current
equation given by Booij [1] or Kirby [8], the direct transformation may not be an appropriate method
for the purpose of simplicity of the model equation.
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In the present paper, we start with the vector form of the wave—current equation given by Kirby [§],
which takes into account the current effect on waves, wave dissipation caused by bottom friction or wave
breaking and non-linear dispersion. Covariant components of the wave number vector (k) and contravar-
iant components of the current velocity vector (U) are adopted for the parabolic approximation in the der-
ivation of the curvilinear equation. The combination of the covariant k and contravariant U enable the
derivation to follow closely the higher-order approximation in Cartesian coordinates in Kirby [8]. We ex-
pect that most terms in the resulting curvilinear equation can be found their counterparts in the Cartesian
equation in Kirby [8] so that the curvilinear equation can be implemented easily following the model struc-
ture and numerical schemes used in the existing computational code REF/DIF-1 [13].

In the following section, the curvilinear parabolic approximation is presented in a generalized curvilinear
coordinate system. Numerical schemes, boundary conditions and wave angle calculation based on curvilin-
ear coordinates are given in Section 3. In Section 4, we show several examples of using the curvilinear par-
abolic model and discuss effects from the extra terms caused by grid stretching and non-orthogonality in the
examples. Wave—current interaction is presented in one of the examples to demonstrate the accuracy and
capability of the curvilinear model in predicting wave transformation in complex environments.

2. Derivation

We start with Kirby’s [8] time-dependent wave—current equation which includes lowest-order amplitude
dispersion for a Stokes wave and dissipation caused by bottom friction or wave breaking. The equation for
the value of the velocity potential ¢ at the mean water level can be written as following, after neglecting the
wave-induced long wave motion:

DZ p D n _ - ~ . ~

D—ZZ) + (V- U) thb — V- (CCVid) + (6° — K*CCL)V P + a*k*D|A]* p — iowep = 0, (1)
where U represents the current velocity vector. The operator D/Dt is given by

D 0

Di— o +U-V,, (2)

where ¢ and k represent the wave intrinsic frequency and the wave number vector, respectively, and the
dispersion relation can be determined according to

o =w—k-U = (gktanh kh)"?, (3)

in which w is the absolute frequency. In (1), D is the non-linear dispersion term according to Stokes waves
and can be written as

2
D cosh 4kh + 8 : 2tanh kh’ )
8sinh"kh
The final term in (1) is a dissipation term which may be used to model frictional dissipation [3,14] or wave
breaking [10].

To ease the derivation of the curvilinear parabolic approximation, we follow Kirby’s [8] derivation made
in rectangular Cartesian coordinates. It is found that the initial parabolic approximations of vector oper-
ations in the wave—current equation are the key points to derive the curvilinear parabolic type equation that
can keep the same form and the same approximation order as Kirby’s [8] final equation.

In Kirby’s [8] derivation, the dispersion relation (3) was approximated by

o= [Ku, (5)



F. Shi, J.T. Kirby | Journal of Computational Physics 204 (2005) 562-586 565

which is a reasonable approximation considering waves propagate dominantly in the x-direction. In the
construction of the amplitude form of the parabolic equation in Kirby’s [8], a progressive wave was
described in the form

b=— ig (é> ei(f ¢ dH"> +ee, (6)

2 \o

in which wave transformation in the x-direction is dominant. The representative wavenumber £ is obtained
by an average over the transverse y-coordinate

k= ! /y2 k(x,y) dy. (7)

Yo = V1 Jy

To make curvilinear parabolic approximations of the wave—current equation, a coordinate transformation
should be carried out prior to development of any approximation [11]. With Cartesian components of U
and k retained in the derivation, the direct coordinate transformation method would result in a complicated
form of the final equation because the dispersion relation (3)

o= — (ka+ k) (8)

cannot be approximated to a simple form as in Kirby [8], and (6) will be extended to

) 5z +c.c. 9)

ig (A) ei [ f (kyxethyye) dé+(kvxy+hyy,) dn—ot
in curvilinear coordinates. Both (8) and (9) include &, and &, neither of which can be used alone to represent
the dominant component in a wave propagation direction.

In the following, the contravariant—-covariant tensor method will be used for curvilinear parabolic
approximations. It will be found that the combination of the covariant wavenumber k and contravariant
velocity U reduce the vector operations to the same forms as in the Cartesian approximations, allowing the
derivation to follow closely the procedure in Kirby [8§].

In generalized horizontal 2-D coordinates, an arbitrary vector v can be expressed in a general form based
on covariant base vectors (g;, g») or the reciprocal contravariant base vectors (g', g%)

v=1'g, =vg (i=1,2, hereafter), (10)

where v’ and v, represent contravariant component and covariant component, respectively, and g' and g;
satisfy

g g=07, (11)

in which 5; is the Kronecker delta function.
The relation between covariant and contravariant components can be expressed as

i g (12)
and
U; :gikvka (13)

where g; and g™ represent the covariant metric and contravariant metric, respectively. The Jacobian value
J for coordinate transformation can be written in terms of g;; by
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g 82
&1 8

For a given curvilinear coordinate system expressed by (£(x,y), n(x,y)), the metric tensor and Jacobian are
given by:

Jr= . (14)

gu = xf +y§7
812 = &1 = XXy + Yehy, (15)
8n = xi +J’§’

J = XeVy — Xple (16)
and

g“ :gzz/ﬁ,

g =g" =—gp/)% (17)

822 :gn/Jz-

To facilitate the derivation in generalized coordinates, we use both the covariant and contravariant com-
ponents in the expressions of vector variables. The contravariant components are used for position vector
r and current velocity vector U as

or = 5”igi = 68g; + ongy, (18)

U=u'g =Ug + Vg, (19)
and covariant components are used for wave number vector k as

k =kg =kg'+ kg (20)
Using the contravariant components of U and r, the operator D/D¢ can be simply written as

D & ,0 0o 93 _d

Following the assumption made in the parabolic equation method in Cartesian coordinates, we assume that
waves are oriented in the +¢ direction in the general curvilinear coordinates. The dispersion relation may be
written as

c=w—ku =w— (kU+kV). (22)

The similar approximation for the dispersion relation can be made following Kirby [8]. Noticing that the
magnitude of k can be expressed by the covariant components (k;, k,) as following:

K| = k = /g"k + 2¢"kiks + g2, (23)
we now set
K =k/\/g, (24)

where &/ is a reasonable approximate value for the covariant component k. The dispersion relation is thus
approximated by

c=0-kKU, (25)



F. Shi, J.T. Kirby | Journal of Computational Physics 204 (2005) 562-586 567

consistent with the Cartesian approximation in Kirby [8]. Eq. (24) will be used in the derivation of the
model equation and the superscript “’”” will be dropped hereafter.
After substituting for the harmonic time dependence, Eq. (1) may then be written as

[(g"p— U)o + k5 (pg" — U”)p+ M+ 5S¢ =0, (26)
where p = CC,, Mé is given by
M¢ = 20k U + iw} [(JU), + (JV),] — *kig" DA +iow]p — (UV',). — (UV ¢.),
+(&%p = V)),), + 20U, +V§,) (27)

and S¢ contains extra terms caused by grid stretching and non-orthogonality and is given by

- - J- - . - J, - -
Sb = (g"pd). +5p(¢"9: +87,) + (¢°pde), + L (s76: + 29, ). (28)
The above derivation of the elliptic type equation has used (21), (25) and the following divergence formula
in generalized curvilinear coordinates:

1 oV
CJ
Compared to the elliptic type equation in Cartesian coordinates, (26) and (27) are very similar to Egs.
(43) and (44) in Kirby [8] except the covariant component k; and contravariant components (U, V) are
used in the present equations. In addition, the metric tensor g” show up in some terms where p
appears.

Using a splitting method following Booij [1] (Appendix A), the parabolic equation may be written as

~ 1 ~ ~ i ~ W~
S(VETCy + ) 43 [o(VETC, + )] 6~ o (VTG + V)b + 1 kg DI + 0%

~ 1 ~ ~ 3 - 1 ~ 1 ~ i -
_ [a}wé +5(0U0):6 ~ 1ka¢} —igM'p+ E(M%ﬁ)é — B %qu =0, (30)

div(v) (29)

where M'¢ is derived from M¢ by neglecting the non-linear and friction terms and where

g [ki(g"p — U], (31)
kKo 2k(gp-U)

To construct the amplitude form of the parabolic equation, we may assume that the wave consists of a
progressive wave which has +¢ as the preferred propagation direction. ¢ may be written in the form

(E) = ig <A> ei(flgl di_w[> +c.c., (32)

2 \o

where k; is obtained by an average of k; over the transverse y-coordinate

_ 1 n

b= [ dn (33)
M =M i

It should be noted that the definition of k; is different from the definition of the reference phase function

based on ky(&) x Jo(&) in Kirby et al. [12], which is only valid for conformal coordinate transformations.

After dropping some terms according to the same criteria as in Kirby [8], the final form of the equation

may be written as
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. o N g'C, +U V
(\/g”Cg-i- U)Ag + VA" +l(k1 —k1)(\/gllcg+ U)A +§ (%) + (E) A
: "
A A A |
— @@= (Z) | +2 ur(2) | + v (2 + 22 plaPa+ Y4
2 ), 2 /.. o/ 2 2
n ¢ Ay

1 A . A
+—< [(gZp VY= +2i|aV|=
4k, ), . a/,
né

A A A A
5 2in<—> +2w(_) _zw(_) ¥ <g22p_vz>(_>
4 a/: a/, o) a/, )

+4i]'{1 [(P), +3(0V),] (ﬁ) +5' =0, (34)

S

¢

where S’ represents terms related to grid stretching and non-orthogonality and may be written as

i A i A ip (A ip (A
g — _ Lo A ST A D < i I S LR A S ) il I Py s
2g p )| 2g p 7). A §( g +J,87) 77 \g ﬂ( g +Jg7)
¢ "

_ A E] A ]gl p (A
a2 (2 K4 Kip (AN g o1 g o2y 35
+ kipg (G>n+ Zg p Dyt A (Jeg +J,87) (35)

Eq. (35) contains all the terms induced by grid stretching and non-orthogonality. In fact, our test cases
show that the first three terms in (35) are very small terms and can be neglected in all the cases shown
in Section 4. A scaling analysis for those terms is not given in this study because coordinate transformation
parameters, such as the Jacobian and metric tensors, are case-dependent.

3. Model implementation
3.1. Numerical schemes

Comparing the model equation (34) to the Cartesian equation [8] shown in Appendix B, we can easily
find that, except S’ term, each term in (34) has its counterpart in the Cartesian equation (B.1). Therefore,
the numerical schemes and other existing implementation techniques used in REF/DIF-1 [13] can be
directly adopted in the present model. The present model implementation includes energy dissipation, sub-
grid technique and high-frequency damping. The non-linearity evaluated by the lowest-order Stokes formu-
lation of Kirby and Dalrymple [7] is also taken into account in the model.

Eq. (34) is discretized using the Crank—Nicolson method, matching forward in ¢. Iterations for the non-
linear terms are performed using a repeated implicit calculation. The additional term S’ is also discretized
using the Crank—Nicolson scheme. The metric tensor and Jacobian values are calculated at computational grid
points and interpolated into subgrid if needed. Grid spacing in the image domain is uniform, i.e., A = Ay = 1.

3.2. Initial and lateral boundary conditions
The initial condition is specified at the furthest seaward grid row. For given wave amplitude a, wave

number k£ and wave angle 0 (based on x-direction in Cartesian coordinates), the input initial condition
can be written as
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4= aeisz dn _ aei f(x,,kc050+y,1ksin 0) dr,. (36)

The reflective boundary condition is implemented for the lateral boundaries in the present model. The
reflective boundary condition may be written as

V¢ g =0, (37)

where g is the contravariant base vector defined in (10). Applying the covariant components of Vg?) in (37)
directly yields the full boundary condition

ngKA) +ind +g22<A> =0. (38)
ag ¢ g g "

For the case without considering of the Doppler effect on waves, (38) can be simplified to

g2(A4; +ik4) + g24, = 0. (39)

The boundary condition may be incorporated in the numerical scheme without difficulty and is thus not
further approximated.

3.3. Wave angle calculation

The convenient way to demonstrate wave direction in generalized curvilinear coordinates is to use a lin-
ear axis, e.g. x-axis in a rectangular Cartesian frame, as an invariant direction reference. In the present
model, zero angle is set to +x-direction, as in the Cartesian model. Because covariant/contravariant tensors
are used in the model equation, the formulation for wave angle calculations is different from that in the
Cartesian model. In the Cartesian model, the wave surface displacement can be written by

¢ :Aeif/} dr _ |A|eif(5k,\.+1}> dx+ifkv dy7 (40)
which implies
Ok, + k = k, (41)
and Jk, can evaluated by
0
ok, = 3|—(In4)|. 42
5 mn) ()
Wave angle can be calculated by
k
0 = arcte ). 43
arctan <5kx n k) (43)
Similarly, in the curvilinear coordinates, the wave surface displacement can be written by
= |A|eif(¢5k1+1€1) di-kaz dy (44)
where 0k, can be calculated by
. 0
ok, = image [6_6 (lnA)} . (45)

According to the chain rule, (44) may be written as

¢ = J4lé JU6ki k) cthan] deti [[0k+h)E o] dy- (46)
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The wave angle formula can be written as

(5](1 + k_l)fy + k217y

0 = arctan = , 47
(0ky + ky) &, + kom, @7

where £, ¢, 1, and 5, are calculated by
&=/ &=, o=y /T, ny=xe/J. (48)

3.4. Curvilinear grid generation and metric tensor calculation

In contrast to model equations derived based on some specific algebraic coordinate transformation, e.g.
Liu and Boissevain [15] or Kirby [11], the present model equation does not explicitly involve any grid gen-
eration methods or equations. However, grids from different grid generation methods may cause some dif-
ferences in the wave model results because the parabolic approximation is made along curvilinear grid lines
and the model equation is discretized in finite difference schemes.

A curvilinear grid can be generated using either algebraic formulas or grid generation softwares. The
generated curvilinear grid lines should approximately follow the directions of wave propagation to keep
the wave calculations in the validity range of the parabolic model equation (70° wave angles with respect
to the direction of coordinate lines as suggested by [9]). To incorporate the grid generation results into the
wave model, x(&,n), y(&,n) obtained from the solution of the grid generation formulas/equations are used to
calculate the curvilinear coordinate-related parameters, i.e., the Jacobian J and metric tensors g'!, g** and
g'? required by the curvilinear model equation (34). A second-order central difference scheme is used to
calculate the Jacobian and metric tensors according to (15)—(17).

In two test cases shown in the next section, we use the grid generation method based on Brackbill and
Saltzman’s [2] equations. This grid generation is carried out by numerically solving a set of Euler equa-
tions optimizing simultaneously grid smoothness, orthogonality, and weighted grid density. Interested
readers can download the grid generation software at http://chinacat.coastal.udel.edu/kirby/programs/
index.html.

4. Model applications

We now carry out several model applications involving curvilinear coordinates. In the first application,
waves propagate in either the radial direction or tangential direction in a circular channel and an orthog-
onal curvilinear grid is used. The test case is used to examine the curvilinear terms caused by grid stretching.
To test the terms resulting from non-orthogonality, we generate a non-orthogonal grid in the second appli-
cation, Isobe’s [6] laboratory experiment, in which waves propagate into a harbor formed by two diverging
breakwaters. In the last application, we simulate [5] experiment in which waves and wave-induced currents
were measured on a curved beach. A generalized curvilinear grid system is employed to follow principle
wave directions and fit breakwater and beach boundaries. The purpose of the simulation is also to test
the model performance in predicting wave—current interaction in a complicated domain.

4.1. Waves in circular channel

In the present model equation, grid stretching can be represented by J: and J, in (35). To demonstrate
the effect of grid stretching on wave calculations, we show a case with an orthogonal computational grid
and varying Jacobian values.
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The computational domain is a round tank with constant water depth. The first test is that cylindrical

waves are generated at the inner cylinder and then propagate normally to the outer boundary. The curvi-
linear coordinates for this case can be defined by

AT
oo

where ro and r; are the radii of inner boundary and outer boundary, respectively. &= (0~ /;) and

n=0n~Dh).
Using (15)—(17) results in
J:2TC(I"]—I"0) r0+}"1—l”0§ 7 (50)
Li I
2n(ry — ro)’
JéZT, J,7:O, (51)
1
; 1 5
1 1 12 2 2
g =—, g :O, = . 52
(r = ro)’ 4n? (rg + 78y -
Thus S’ can be simplified to
ki A
s = Engig” (g) (53)

It can be seen from (50) that the Jacobian increases linearly from the inner boundary to outer boundary in
this case. Because \/F is constant in the whole domain, the stretching term in (53) plays a key role in wave
calculations.

Noticing the constant \/gT and 0/0n = 0, the model equations (34) and (35) can be simplified to

k_l p A

\/?CgAi‘*‘?j(E)Jég” = 0. (54)

Utilizing k; = k/+/g'" and pk/Cyo = 1 (54) can be further simplified to
1J:

A: = — 3 7A. (55)
Applying A" x (55) + A x (55)" yields

oAl

——=0. 56

5 (56)

Using the boundary conditions

A=Ay, J=JoatE=0 (57)
results in

J
AP = 4o (58)

or
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AP = 40P 2, (59)
r
which is the wave energy conservation.

As an alternative test on the stretching terms, specifically the J,-related term, the study on wave prop-
agation along the circular channel is carried out. Dalrymple et al. [4] used spectral methods with coordi-
nate-transformed equations to analytically study linear wave propagation in a circular channel. This
case was also investigated numerically using a parabolic approximation model in conformal coordinate
systems by Kirby et al. [12] who found that the higher-order approximation can improve calculations sig-
nificantly in comparison to the analytical solutions.

Because the parabolic approximation is made in +¢-direction in the model derivation, the expression of
the curvilinear coordinates for this case would not be the same as (49). The curvilinear coordinates can be
defined by

Fig. 1. Waves in the circular channel.

elevation(dimentionless)
o N
T
1 1

|
N
T

|
IS

o

0.5 1 1.5 2 25 3
angle

Fig. 2. Comparison of the surface variation along outer wall between the analytic solution (solid line) and numerical solution (dashed
line).
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x= {m _(n=r) ;ro) n] cos (21—? 5>,
y= {rl — Ll l_lr()) 7]] sin (21—? f)

Therefore, the Jacobian and its derivatives and metric tensor for this case are also changed to

J:2TC(7"1 —I"()) (}"1 77‘1 —V()n)’

Li, A
27'[(}"1 —}"0)2
Jr]:_2—7 J§:07
1
A 1
22 1 12 11
=, :O’ = —
= ¢ S

The stretching term becomes to

/__11_7 2 é
S ==77/8 (J),]'

2
12
_n—n

I

)’

Eq. (64) implies that the stretching term has an effect on wave diffraction.

/

Fig. 3. Non-orthogonal grid for waves between angled boundaries.
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Following the case study in Dalrymple et al. [4] and Kirby et al. [12], the circular channel lies between
two radii 7o = 75 m and r; = 200 m, and covers a 180° arc. As a particular choice of geometry and wave
conditions, we set that water depth is 4 m and wave period is 4 s. The grid dimension is 201 x 126
(I = 125 and L = 200). Plane waves with a uniform amplitude across the channel are imposed at the en-
trance. Only linear waves are considered, since the exact solution does not have a non-linear counterpart.

Fig. 1 shows a plot of the instantaneous water surface calculated from the model. The figure illustrates
the wave transformation phenomena described in Dalrymple et al. [4] and Kirby et al. [12] and also shows
the capability of the curvilinear model in predicting wave reflections from the sidewall and diffractions
around the inner wall. In Fig. 2, we show a comparison of the surface elevation variation along the outer
wall. The parabolic model results show very good agreement with the exact solution with accurate phase
and amplitude around the entire 180° sector. The present model results are very similar to the results from
the conformal coordinate model with the large angle approximation Kirby et al. [12] since the same higher-
order approximation is used in the present model equation. Considering that the present grid is not a con-
formal grid, the different treatments for &, in the present model and k(&) and Jy(¢) in Kirby et al. [12] may
cause some small differences between two model results.

It should be mentioned that the rectangular Cartesian version of the parabolic wave model (e.g. [8])
would not be an appropriate model for this case since the tank circumferences can not be treated as the
lateral boundaries of the Cartesian model. Waves are reflected from the boundaries around the channel
and the wave angles with respect to the prechosen x-direction are too large. On the contrary, with the cir-
cular walls as its lateral boundaries, the curvilinear model can take into account the wave reflections and

05 m—>—|—|<— 0.8m

9.0 m

Aﬁl

I -

|

;1 I

|

|

|

|
09m|<—‘4m—>|09m l<-2.3 m—>

shoreline
3.5m

Il I
I
0 36—
Il I

I
' 1024 m |

T 04m! N 1/15 (slope)
0.16 m

Fig. 4. Basin configuration for Isobe’s experiments [6].
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wave angles with respect to the circumferential coordinates would be in the validity range of the model
equation according to the model evaluation based on the large angle approximation [9]. Therefore, the pre-
sent model can make a good prediction of wave propagations in the circular channel.

4.2. Waves between diverging breakwaters

Wave propagation between two diverging breakwaters has been studied by several authors. Isobe [6] car-
ried out a laboratory experiment to study waves propagating into a harbor formed by two diverging break-
waters. He then used a ray-front coordinate scheme [17] to numerically simulate the case. Liu and
Boissevain [15] developed a non-orthogonal, rectilinear coordinate scheme for this case by applying a spe-
cific coordinate transformation to the a parabolic type equation and boundary conditions. Kirby [11]
pointed out that a transformation of full governing equation prior to development of any approximation

1 5 T T T T T T T T T

— grid from Liu and Boisevain formula

— - grid from Brackbill and Saltzman method
O measured data

z
T
0 1 1 1 1 1 1 1 1 1
-0.8 -0.6 -0.4 -0.2 0 0.2 04 0.6 0.8
transect A (m)
Fig. 5. Comparison of calculated and measured wave height distributions along transect A.
1 5 T T T T T T T
— grid from Liu and Boisevain formula
— - grid from Brackbill and Saltzman method
O measured data
z
T

0 1 1 1 1 1 1 1

-15 -1 -0.5 0 0.5 1 1.5
transect B (m)

Fig. 6. Comparison of calculated and measured wave height distributions along transect B.
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leads to a model whose results stand in closer agreement to laboratory data for this case. The importance of
non-linear effects on wave calculations in the specific case was mentioned in Kirby [11].

The non-orthogonal coordinate transformation used by Liu and Boissevain [15] or Kirby [11] is a good
example to test non-orthogonal terms for the present model. The grid system is shown in Fig. 3 and the
coordinate transformation may be written as

¢=x,
_ yply—xtanby) (65)
1= Tanby—tan0))x1y, -

Angles 0, and 0, are both defined to be positive in the right-handed sense in (x,y). The grid non-orthogo-
nality is indicated by the value of g'? which can be calculated from (15) and (17) as

1 —yytan0; —n(tan 0, — tan 0;)
~ (tan0, —tan0,)¢ +y,

(66)

It can be seen that g'? varies in both ¢ and # directions.

The configuration for Isobe’s [6] experiment is shown in Fig. 4. Isobe gave the incident wave conditions
in the deep portion of the basin as incident direction 6; = 18°, wave height H; = 9.1 cm, and wave period
T =0.83 s. These values were transformed to the harbor entrance using Snell’s law, and then the present

Fig. 7. Grid generated using Brackbill and Saltzman’s [2] equations.
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model is applied in order to compute wave heights at transect A — A’ and B — B’ indicated in Fig. 4. In the
computations, £ = 51 and n = 51. The non-linear term is included in the calculation.

In Fig. 5 and 6, the model results (solid lines) are compared to the measured data on transect A — A’ and
B — B/, respectively. Results on transect A — A’ indicate that the present model basically captures the two
wave height peaks caused by the wave diffraction as shown in the measurements. The results on transect
B — B’ also show a good agreement to measurements. The results look very similar to Kirby’s [11] results
in his simulation with consideration of the non-linear effect. Although we expected some improvements on
calculations of wave diffractions in this case since the high-order approximation is used in the present
model, no significant enhancement of the model results is found. In addition, the full boundary condition
was found to be critical in obtaining accurate results of this case.

To make a test on the model dependency on grid generation, we generate an alternative curvilinear grid
using Brackbill and Saltzman’s [2] grid generation method as shown in Fig. 7. The generated grid tends to
be orthogonal compared to the analytical grid shown in Fig. 3. The wave modeling results based on the new
grid are also shown in Fig. 5 and 6 in dashed lines. The new results are close to the previous results on both
transect A — A’ and transect B — B’ though some discrepancies can be identified. The discrepancies are sus-
pected to be caused by the non-orthogonality terms and lateral boundary conditions considering of the
more orthogonal grid from Brackbill and Saltzman’s equations.

1/10 concrete beach

Toe of beach

Breakwater 1.020
Crushed Rock Level offshore zone
Spending Beach =

£

=Y}

=

=

=

F.

332m

Wave Machine Plunger

Fig. 8. Layout of Gourlay’s experiment.
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4.3. Waves passing breakwater and curved beach

Compared to the previous curvilinear parabolic approximation model, one versatility of the present
model is incorporation of the current effect into the wave calculations. To illustrate the performance of
the present model in predicting wave—current interaction, we now simulate Gourlay’s [5] wave—current
experiment in which waves pass a breakwater and break on a curved beach. The breaking waves generate
longshore currents and affect wave propagations.

Fig. 8 shows the laboratory setup for Gourlay’s experiment. A 1 on 10 concrete beach is parallel to the
incoming wave crests in the exposed zone. In the shadow zone, the slope is also 1/10 towards the curved
beach which has a constant radius centered on the breakwater tip. The wave basin was thus designed so
that the shoreline was everywhere approximately parallel with the diffracted wave crests.

A curvilinear grid shown in Fig. 9 is generated using Brackbill and Saltzman’s [2] grid generation equa-
tions. It can be seen that the grid approximately follow the principle wave directions and fit the curved
shoreline boundary. The grid dimension & x n =121 x 193. It can be seen from the figure that, at the tip
of the breakwater, the curvilinear lines bend 90° in order to fit the breakwater boundary. The grid is smoo-
then around the tip to avoid a big grid distortion which may cause the discontinuity of the metric tensor.

A wave height of 9.1 cm with a wave period of 1.54 s is used in the present simulation as the incident
wave condition, as in the laboratory experiment. We first run the model without the current effect. The
wave surface calculated from the model is demonstrated in Fig. 10. The waves initially propagate in a

I B
I o

i
i

1+
1

ll‘l\‘\l\l\l\‘ll‘lllll‘l | l‘\
1l [

Fig. 9. Computational grid for simulation of Gourlay’s experiment.
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straight line along the channel, as reaching the tip of the breakwater, the waves start to diffract around the
tip and run onto the curved beach. The diffracted wave crests are clear shown in the figure. Fig. 11 shows
the wave height distribution calculated from the present model. The wave height contours show the wave
diffractions in a radiate manner which is similar to the diffraction pattern in a typical case of normal wave
incidence on a semi-infinite breakwater. The wave height contours also illustrate the wave height decay on
the beach caused by wave breaking. To compare the results to the laboratory measurements, we plot the
measured wave height contours according to Gourlay’s measurements as shown in Fig. 12. The overall
agreement of calculated wave height to the measurements is good. In particular, the calculated wave heights
in the shadow region are between 2 and 4 cm, that match the measurement data. On the right-hand side of
the breakwater tip, 10 cm contour in the numerical results is presented in the higher position compared to
the measurements. In addition, the model without wave—current interaction does not predict the 10 cm
contour as shown near the right side wall in Fig. 12.

We now consider the current effect on the wave propagation for the case. A model coupling is carried out
between the present wave model and the curvilinear nearshore circulation model developed by Shi et al.
[16]. The wave model provides the circulation model with radiation stresses, short-wave-induced volume
flux and breaking wave energy dissipation. As a feedback, the current field calculated from the circulation
model is inputed into the wave model and thus the wave—current interaction is taken into account. The cur-
rents calculated from the circulation model is illustrated by both the contours for the magnitude of the
velocity and some streamlines indicating the direction of the flow in Fig. 13. The calculated current field
agrees well with the measurements which is not presented here. Interested readers may refer to Gourlay
[5] or Shi et al. [16] for details.

Fig. 10. Wave surface calculated by the present model without wave—current interaction.
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With wave—current interaction, wave crests in both the explored region and the sheltered region are
distorted by the currents as shown in Fig. 14. Fig. 15 shows the wave height distribution in the case of
wave—current interaction. Compared to the previous results without wave—current interaction, the pre-
sent results agree more closely to the measurements. Basically, the wave heights at the location where
the curved beach starts tend to decrease because the current approximately flows in the wave direction.
The wave heights near the right boundary tend to increase because the rip current flows against the

waves. The 10 cm contour is predicted in the rip current region, that is consistent with the
measurements.

Wave Height Distribution (cm, model result)

Fig. 11. Wave height calculated by the present model without wave—current interaction.

— — — Wave height contours in centimeters
Q im --— SW.L

Run-up limit

s\ |

Fig. 12. Wave height contour measured in Gourlay’s experiment.
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The enhancement of the present model in predicting wave diffraction in the sheltered region can be
presented by the comparison between the curvilinear model and the Cartesian model in Gourlay’s case.
To show the comparison, the Cartesian wave model REF/DIF-1 is employed in the model coupling

— — — Current velocity contours in cm/s (model result)

Fig. 13. Wave-induced current calculated by the nearshore circulation model.

Fig. 14. Wave surface calculated by the present model with wave—current interaction.
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instead of the present curvilinear model. In REF/DIF-1, the wet and dry grid technique proposed by
Kirby and Dalrymple [10] is used for treating the dry grid points as though they have a very small
depth of water (1 mm in the present paper). The results of wave heights calculated from the Cartesian
model is shown in Fig. 16. It can be found in the comparison between Figs. 15 and 16 that the Car-
tesian model obviously underpredicts wave heights in the sheltered region even though the large angle
approximation is used in REF/DIF-1.

Wave Height Distribution (cm, model result)
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Fig. 15. Wave height calculated by the present model with wave-current interaction.
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Fig. 16. Wave height calculated by the Cartesian model with wave—current interaction.
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5. Conclusions

Covariant/contravariant tensor method is used in the curvilinear parabolic approximation for the vector
form of the wave—current equation given by Kirby [8]. The derived model equation can be easily imple-
mented following the model structure and numerical schemes used in the existing code of the Cartesian par-
abolic model. Besides the curvilinear parabolic approximation, the present model possesses all the features
existing in Kirby [8] such as higher-order approximation, wave—current interaction, and treatments of wave
breaking and wave non-linearity. The model is then applied to several cases involving curvilinear coordi-
nates in order to examine the curvilinear terms and show model performances. In the first case, the grid
stretching terms are verified using analytical solutions of wave propagations in a circular channel. The sec-
ond case is the calculation of waves propagating into a harbor formed by two diverging breakwaters using
non-orthogonal coordinates. The numerical results are compared to Isobe’s [6] laboratory measurements
and good agreements are obtained. In the last case, the model is used to simulate Gourlay’s experiment
in order to present the model performance in calculations of wave—current interaction in the complicated
domain with a breakwater and a curved beach. Model/data comparisons show that the results with consid-
eration of wave—current interaction agree better than the results without wave—current interaction. Com-
pared to the results from the Cartesian model, the curvilinear model with grid lines tracing principle
wave directions can predict better wave diffractions in the sheltered region.

Although the present approach can further improve the calculations of large angle wave propagations,
the wave angle limitation caused by the parabolic approximation still exists in model applications. First, the
model accuracy depends on a prechosen principal wave direction. In complicated coastal regions, waves
propagate in a wide range of directions. Sometimes it is hard to generate a grid that follows multiple prin-
cipal wave directions. Second, grid distortion may cause a model inaccuracy as mentioned in Section 4.3. In
calculations of wave diffractions around coastal structures such as breakwaters, the overbend of grid lines
may result in discontinuities of metric tensors which cause numerical errors or instabilities. Such kind of
grid needs to be smoothen before using.
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Appendix A. Booij’s splitting method

Using a splittjtlg method, an elliptic equation forjﬁ can be split into parabolic equations for a forward
scattered wave ¢¢ and a backward scattered wave ¢ , where

-
b=¢ +¢ . (A.1)
Booij [1] showed that an associated equation
(y71¢nz,§)§ + 'Vd)m = () (A2)

is split identically into

(@) =17, (A3)
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(h,,): = —1v9,,, (A4)
We proceed by defining

¢ = 2, (A.5)
which is then substituted into (A.2) to obtain

2

bt 2ot 4 22| b+ 207w bt 0 =0 (A6)

Following Booij [1] and Radder [19], we neglect the derivative of « and reduce (A.6) to
) -

oo a4 2 b+ 9 =0, (A7)
Now, we rewrite (26) as

~ _ ~ M+S ~

11 =1/ 11 2 2 _

e+ (g p—U") (g p—U):p: + ki 1+m ¢ =0. (A-8)

Comparison with (A.7) leads to the results
Ma4s 1/2
V:kl 1 +—2 2 ’ (A9)
K(g'p— U
Mais 1/4
=k (g"p-U) 1+ — A.10
w= kg = U L (A10)

Substituting (A.9) and (A.10) into (A.3) results in the parabolic equation

1/4
6 1/2 11 2\1/2 M+S ~+
—<k U 4+ ———-
ag { 1 (g p ) kf(g“p — Uz) d)
M+ S v
=ik My — U 2T gt Al
R L I s (A1)

Approximating the operators in (A.11) using the first two terms of the binomial expansion gives the par-
abolic model equation (where the + superscript has been dropped)

0 ). 12, 1 Nn1/2 M+S ~
—<k - U 14—
. 3(M+S) ~
— ik kP — U ) A12
11 (g p ) 4k%(g“p _ UZ) ( )
Denote ky(g''p — U?) = 6. Then, (A.12) may be written as
a 1/2 6 R _ 1/2" . 3R ~

Denote Rp = M'¢p + N +S¢, where N¢ are the localized non-linear and dissipation terms and S¢ is
expressed in (28). Then
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M= {2wk1U + iw} (V). + (JVLJ}& — (U, = (U ), + (g% = 1),

+2i0(Ud: + V,),

"

N$ = —c*k2g" DA — ia%&&.

We will use a local phase and amplitude according to

b=-ie(%)es v=[nEnd-on

so that

%:—ig 4 + ik 4 e ~ik ¢ at lowest — order.
o¢ g a

After dropping some small terms such as ak‘ /kzN d) and ak‘ /k2S¢> and using lowest-order

N(’i)f = lklNia
S¢; = ikiSh.
Eq. (A.13) may be written as
6¢> 100 - 1 ~ 3, -0 1 N
67§+§675 - k15¢ (N+S)¢+4k1(M¢) *Z(M‘b)*ZIB(M(IS)*Oy

where f is given by (31). Notice that

6 = ki(g"p — U%) = 6(\/&T1C, + U) — wU.
Eq. (A.20) can be rewritten as (30) using (A.21).

Appendix B. Model equation from cartesian parabolic approximation [8]

585

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

Starting with the time-dependent wave—current equation (1), Kirby [8] derived the following higher-
order parabolic equation in the Cartesian coordinate system (x,y), assuming that waves propagate domi-

nantly in the x-direction.

(Ce+ )+ v, +i(k = k) (Co + WA +3 [(C :”>+ (g)jA _% l(p_ ) (é)v

(@) ] +ol@)] )+ eomia “;k{[(p_vz)(g)y
z{ ), ae(l) (3, +[-219)]

4k +3wu (>+S

g/,
Sy

+

SHEN

DO =

hs

+2i

)]

(B.1)
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